Prepared by: M.Riaz M.Sc: Statistics 1.U.B (2006-8): Lecturer Statistics (03337368518)- 1

Beta Distribution of It Kind

Let ‘X’ be a continuous random variable with interval (0, 1) is said to be Beta distribution
of 1%t kind, having p.d.f:

1
f(x)=
B(a,b)
And its function is:
1

B(ah)= j X (1-x)"dx
0
It has two parameters a & b.

X (L-x)" 0<x<l1

Properties
i) Beta distribution is a continuous distribution.
i) The total area under the curve is unity.
iii) The range of the distribution is 0 to 1.
iv) It has two parameters a & b.

a
V) The mean of the beta distribution of first kind is E(x)= —a+b :

ab
vi) The variance of the beta distribution of first kind is Var(x)= (a i b)2 (a b +1) .

Prove that total area under the curve is unity
Proof:
Let by definition:
Total Area: Area= J f (x)dx

As x~ beta 1% (a,b)

1
F(x)= XL-x)"" 0<x<1

pa.b)

X2 (L- )" dx

Area = !ﬂ(a,b)

_ X*(L- )" dx
‘ﬂ(a,b)g *)
As we know that beta function is

1

Blab)=| x(1-x)""dx ®)

0
Comparing (A) & (B)
a=a &b=b

pa,b)=p(ah)

N
Area = p’(a, b)

Putin (A)
ﬂ(a! b) =1

Hence Proved
Derive r'™ moment about origin and use it to find mean & variance
Solution:
Let by definition

yr! = E(xr): jxr f (X)dx
As X~ beta 1% (a,b)
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' 1
" ha
' 1
T Bab),

As we know that beta function is
1

B(a,h)= j X (1 x)"2dx

0
Comparing (A) & (B) and we get
a=atr &b=b

B(a,b)=pa+r,b)

XX (1-x)""dx

b)

e O —

X" (1 )" dx

a+b
,_)r+a)b Ja+b
& _)r+a+b')a)b

. Jrealath

Mean = f4 =E(X )
Putr=1ineq (C)

. Jrea Jash
M_51+a+b' ﬁ
. da Jas

(a+b)a+b a

=—— =Mean=AM
A aeh)

Now, putr =2 ineq.(C)
,J2+a )a+b

“ orarh Ja

(A)

(B)

Put in (A)

Hence the required result
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, (a+1))a+1 )a+b

% T (asbe1)arbel Ja
, a(a+1)ﬁ )a—+b
T @) (asb1)ash )a
/ a(a+1)
% T arb)(ath+l)

Var(X) = 1, = 1t — (1 ¥ = E(X?*)—(E(X))’

~ala+) [ aY
Var(x)_(a+b)(a+b+1) (a+bj

a [ (a+1) a}

Var) =3 4b| (a+b+l) a+b

a [(a+1)a+b) a(a+b+1)}

Va)~avb| (atb+l)  atb

a a2+a+ab+b—a2—ab—a}

VaO ash|  (a+b+1fa+h)

ab
Var(x) =

0= @ bfasbs]
Find mode of beta distribution of kind 1t
Proof:
As x~ beta 1% (a,b)
f(x)= XH(1-x)" 0<x<1
B(a,b)

If following two conditions are satisfied then mode exists.

d
f(X'):O or &|Og f(X)ZO
2

d
f(Xl)<0 or Wlog f(X)<0

Xa—l (1 _ X)b—l

1
£ (x) =
W= 5a

Taking log on both sides:

log f (x) = Iog[ X (1- x)“]
p(ab)
log f (x) =log1-log A(a,b) +(a-1)log x+ (b —1) log(1-X)

Differentiate w.r.t to ‘x’

a4 log  (x) = i[|ogl- log /3(a,b) + (a—1) log x + (b 1) log(1- X)]
dx dx

d q . @) (-]
&Iogf(x)_o 0+ ” +(1—x)

d _(@-) (-9
&Iog Ho)= X (1-x

(1)

(A)
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0_(a—Da—x)—Mb—D
X(1-X)
x(b-1)=(a-1)(1-x)
XH-Xx=a-ax-1+X
Xb-x+ax-x=a-1

xb+a-2)=a-1
_a-l
(b+a-2)
Again diff. eq(A) w.r.t to ‘x’
d’ _ (@) (b-])
&gmgﬂn_ " +(1_X)2
a-1

P b+a-2)
d’ _ (@) (b-1)
HQEmgf(@_' 1 7+ - il

( j -2

b+a-2 b+a-2
¢’ _ (a-Db+a-2f (b-1)
dengﬂ)_ (a-1f Jr(b+a—2—a—1)2

b+a-2

¢’ _ (a-Db+a-2f  (b-Hb+a-2f
dXzlogf(X)— (a-1] M
d*  (b+a-2f (b+a-2f
o 1= (a-1) " b1
d? B )| 1 1
&gkmf(M-={b+a—a fa—D-_@—D]
d’ | b-1+a+l
@Iogf(X):—(b'{'a—Z) _m]
d2 2 b+a
@Iogf(x):—(ma—z)[m]w

Hence both conditions are satisfied. So mode exists. The mode of beta distribution of
kind 1% is
a-1
(b+a-2)

Find the harmonic mean of beta distribution of kind 15t

Proof:
Let by definition

H.M = //E()l() (A)

E(E) ST
X X
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As X~ beta 1% (a,b)

f a—ll_ b-1
(X)= ﬂ@b)x (1-x) 0<x<1
1
E1 :lex“l X)"dx
X b) 3 X
1 ; -
E - al 11 bld
" 'O[X X X (B)
As we know that beta function is
1
Alab)=[ x(1-x)""x ©
0
Comparing (B) & (C) and we get
a=a-1l &b=b
B(a,b)=p(a-1b)
Put in (B)
E[g _pla-1b)
X)  B@h)
E[g 1 Ja-ip
x) Jab Ja-1+h
a+h
(1) Jab Jat
X) ﬁ a-1+b
(1 Jatb  )a-1
X _(a—l))a—l)a—1+b
E[lj (a+b-1))a+b-1
X) (a-1))a-1+b
E(Ej:(aer—l) |
X (a—l) Put in (A)
L (-

HM = Hence required result.
(a+b-1) d
Q. If °x’ follows beta distribution of kind first with parameter (m,n) then show that
p(m,n)=1
Solution: Given that

As x~ beta 1% (m,n)

f(x)= m X" (1-x) Then beta function is:
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A(mn) = | x™(L-x)""dx Putm=n=1

pmn)=| X (1-x)"dx

1
S(m,n) = | 1dx
0
1
pmn)=x,
p(m,n)=1-0=1 Hence prove.
Q. If ‘m = n =1 then beta distribution of kind first becomes rectangular distribution

Solution: Given that
As X~ beta 1% (m,n)

1 m-1 n-1
f(x)= o) X" (1-x)
m=n=1
f(x)= S (1-x)"
ALY
1 0 0
f(x) =mx (1-x)
1
f(x)= 1—ﬁ
o1
f(x)= i

f(X)=(2-1)!=1i=1

Hence, beta distribution of 1st kind approaches to rectangular distribution. When m=n =1
Q. Show that A(m,n) = A(n,m)

Solution:
1
mn:jxmll X)" dx (0
0
Put z=1-x, x=1-1z, dx =-dz While limits will be

As x>0 then z51 & As x>1 then z-0

1

Amn)=[(1-2)" 2" (dz)= [ (L-2)""dz= M) Lience prove

0

Q. Show that ﬂ(m’ n) =2 (Sin 9)2m—1(COS 9)2n—1d9

O C——— O | N

Solution:
1

B(m,n) = j X" (1- x)"dx 0

0

Let X=Sin? 6,  dx=2Sin @ (Cos 6)dd,  1-x=1-Sin> §=Cos’ @
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While the limits will be

As x—1 then 9—)% & Asx—0 then -0

Then (i) becomes

2
A(m.n) = [(sin’6]" (Cos?6)"*25in Cos 06 =2 (sin6)™(Cos6)™*Sin 6Cos Ad0
0

I
O —— o | N

cte— o N

p(m,n)=2

(Singf™ (Cosg)™™* d6 Hence proved

Prove that IB( )=1

>|\>||—\
|\>||—\

Solution; e know that

E

2

— o0

p(m,n)=2((sing)™ (Cose)*"* o Putm:n:%

2

)=2(sing)’ (CosH)Zz_ldé’

|\>||—\

Ry
—
|\3||—\

2)=2

(Sing)’(Cost)’ d@

=

I\JII—\
l\)ll—\

~
I
N

C e N[N O [N Oy ©

=
—
o
D

I\JIH N | =

I\JII—‘ N |-

B, 29\2 _25-0 7

Derive moment generating function of beta distribution of 1%t kind
Let by definition of m.g.f of beta distribution of 1% kind

M, (t) = E(e*) = jetx f (x)dx
As we know that
1 2 3
(tX) + (tX) + (tX) +...
21 3

e* =1+

r=0 r!
Then we get

Mo(t) =Iitr;:r

M, (t) :i%jx  (x)dx (A)

Now we consider
j X" f (x)dx
As x~ beta 1% (a,b)
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f(x)= ; X (L-x)" 0<x<1

j L jxrx“l x)" " dx
pab)y
1 1

jx f (%) _Ig(a’b)-[ X" )L )

As we know that beta function is
1

B(a,h)= j X (1 x)"dx ©
0

Comparing (B) & (C) and we get

a=atr &b=Db

B(a,b)=p@a+r,b)

Put in (B)

jxr f(x)dx = p(a+r,b)

pla,b)

Jr+ajb Ja+b
)r+a+b ) )b

[x' f(x)dx=>r;a W
~ )r+a+b' Ja

FH
I WT Punin (A)

s t)reajath
= 2 MYr+a+h)a
As we know the relationship b/w m.g.f and rth moment about origin
M, (t) = i%u E)
Comparl;l; (b) and (E) we get

,_Jrraja+b
CJreara

M, (t) = Required m.g.f (D)
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